
476 J. AIRCRAFT VOL. 25, NO. 5

between the wing bending vibration and the short period
oscillation of the aircraft.
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Spanwise Displacement of
a Line Vortex Above a Wing -
A Simple Calculation Scheme

Yunggui Jung* and Donald D. Seatht
University of Texas at Arlington, Arlington, Texas

I. Introduction

W HEN a wing encounters a concentrated tip vortex, its
aerodynamic characteristics are substantially altered

due to nonlinear interaction. While the vortex affects the wing
loads, the wing in turn affects the vortex path through its
vorticity field.

Hancock1 noticed the displacement of a streamwise line
vortex over a two-dimensional wing and gave analytic
expression for the sidewash velocity induced on the vortex by
the wing trailing vorticity. Experimental evidence of this type
of vortex motion was reported by Patel and Hancock2 in their
flow visualization study. Vortex motion due to secondary
separation was observed by Harvey and Perry3 in their
investigation of trailing vortices in the vicinity of the ground.
Recently, the displacement of a tip vortex above a two-dimen-
sional wing surface was carefully measured in a low-speed
wind tunnel for various conditions by Seath and Wilson.4

Meanwhile, it was recognized on the computational side5'6
that the originally straight vortex should be allowed to align
itself with the local streamline direction in order to obtain a
better solution to the vortex-wing interaction calculations.

It is generally believed that some kind of iteration scheme is
necessary to account for the mutual influence between the
vortex and the wing trailing vorticity and, thus, to obtain an
acceptable vortex path and its effect on induced airloads.
However, for the flow conditions considered in this paper,
i.e., low subsonic speed, it is found that the detailed temporal
variation of the wing trailing vortex sheet due to the
deforming line vortex has little efect on the motion of the
vortex line over the wing surface, and that the spanwise
displacement of a line vortex can be calculated in a straightfor-
ward manner without iteration coupled with wake evolution.

The present method is based on the lifting line solution of
the spanwise load distribution. A single lifting line cannot
adequately represent a wing as far as the chordwise variation
of the wing vorticity is concerned. However, a very simple
trick of redistributing the calculated bound vorticity along the
chord in accordance with the "thin airfoil theory" produces
surprisingly good results.

II. Description of the Present Method
The model consists of an infinite line vortex, which is

originaly parallel to the freestream, and a finite wing as shown
in Fig. 1, together with the coordinate system.
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The velocity field induced by an infinite line vortex is given
by the Biot-Savart law as

I\Xr
(1)

where Vt is the induced velocity, T0 the circulation of the line
vortex, and r the radial vector from the vortex line to a field
point. The induced angle of attack at any section along the
span is obtained by taking the z -component of this induced
velocity and dividing it by the freestream velocity. Thus for a
vortex of height h

(2)

where a, is the induced angle of attack, and V^ the freestream
velocity. If we regard this induced angle of attack as
additional twist to the section angle of attack of the wing in a
uniform freestream, we can calculate the spanwise variation of
circulation by solving a modified lifting line equation7

b/2

(3)

Approximate solution to this equation can be obtained to any
desired accuracy by a suitable iteration scheme combined with
a numerical quadrature, e.g., Ref. 8.

Whereas T(y) is usually associated with a lifting line located
at the quarter-chord line of the'wing, we can distribute the
total circulation at any section along the chord so that we have
as many lifting lines as we want. From the thin airfoil theory
we know for a flat plate at an angle of attack a.

y(0) = 2V(Xatan(0/2) (4)

where y is the vortex strength and 0 is related to x by

x = (c/2)(l+cos0)
If we have n sublifting lines to represent the airfoil chord, the
strength of each line may be obtained by integrating Eq. (4).
This gives

r /=-[0-sin0] '
7T #/

i = 1, 2, ...,« (5)

where n is the total number of lifting lines along the chord.
Each of these lifting lines sheds a vortex sheet of strength

— dTj/dy downstream. For simplicity, we may assume that all
the vortex sheets remain undistorted and parallel to the
freestream. Therefore, if the wing is at 0 deg incidence, all the
vortex sheets will be in the x = y plane. Then, the sidewash

V
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Fig. 1 Model and coordinate system.
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velocity induced at a point on the vortex line by the /th trailing
vortex sheet is

\x--xf\

drj/2 -M-b/2 dy h2 + (rj-y)2

and the total sidewash at the same point is

(6)

(7)

From this we can calculate the spanwise displacement of the
vortex by time integration.

Convergence of the calculations is expected on the grounds
that the influence of the vortex sheets on fluid particles located
far upstream of the wing is negligible. Thus, some part of the
free vortex does not move sideways.

As the vortex line deforms from its initial straight line, the
induced airload will change accordingly. However, unless the
free vortex is very close to the wing surface, we may further
assume that this change is small for most of the wing. Then,
we may freeze the trailing vortex sheets at the initial state. This
means that we only need to compute the trailing vorticity due
to the free vortex once and for all and do not have to update
the wake field each time the free vortex assumes a new
position. It turns out that this assumption is totally adequate
for the test cases considered in the present paper.

III. Application and Discussion
The present method has been applied to a low subsonic

vortex-airfoil interaction problem with very encouraging
results. The input data were taken from the wind tunnel tests
conducted at the University of Texas at Arlington by Seath
and Wilson.4 The test setup is shown in Fig. 2.

Specifically, the vortex strength T0/V^c = 0.288; wing span
b = 3 ft; lift curve slope a0 = 6.0/rad; chord length c = 10 in.;
vortex heights h/c = 0.075, 0.095, and 0.13. With these
values, induced angles of attack were obtained, and the
modified lifting line equation was solved via the numerical
iteration scheme of Multhopp using 81 spanwise stations. The
resulting circulation was then distributed along the chord into
10 sublifting lines located at x/c = 0.05, 0.15, ..., 0.95.

The results are shown in Figs. 3-5. As seen in these figures
the agreement with the experimental data is quite striking
when we recall that the wake of the wing was "frozen" at its
initial state with no later update. Figure 6 shows vortex

SECTION A-A

Fig. 2 Test setup.4
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Fig. 5 Vortex path (h/c = 13%, =0.288).

0,28 -

0,24 -

" 0.20 -
tH

10 016 -o\

0.12 -

0,08 -

0.04 -

VV^c = 0.288
—— Present Theory
D Experiments (Ref 4)

0.00 0,04 0,08 0,12 0.16 0.2O 0.24

Vortex Height ( h/c )
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displacement at the wing trailing edge for various vortex
heights. Here again, the present theory produces reasonable
estimates. As is anticipated, however, a potential vortex model
overpredicts the vortex effect in a very close encounter of
vortex and wing due to its singularity at the center. This is
evident in the figure by the deviation of the curve from the
squares for h/c less than about 0.1. This situation may be
improved by modeling a finite vortex core.

Overall, the results are very encouraging, and this suggests
that the present method may be used as a preprocessor to
prescribe the vortex path over a lifting surface for vortex-
lifting surface interaction calculations within the restrictions
of the potential flow assumptions. This will eliminate the
need to assume a straight vortex and update the whole flow
field as well as the vortex path. Or, in cases where complex
configurations are involved, the present method may provide
a reasonable starting position of the vortex for a coupled
iteration scheme.
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Divergence Study of a
High-Aspect-Ratio,

Forward Swept Wing
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NASA Langley Research Center, Hampton, Virginia
Introduction

T HE present study was conducted to obtain data that could
be used to assess the prediction capabilities of a currently

available aeroelastic code for a high-aspect-ratio,
forward-swept wing. A wind tunnel experiment was conducted
in the NASA Langley Transonic Dynamics Tunnel (TDT) on a
model with a panel aspect ratio of 9.16 (unswept). Aeroelastic
analyses were conducted for each condition tested in the TDT
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for this comparison. The wind tunnel model was tested at
various forward sweep angles. A rectangular tip shape was
used during most of the experiment. A tip parallel to the flow
in the 45 deg forward-sweep position was also tested for fur-
ther correlation with analysis. General aeroelastic characteris-
tics of the high-aspect-ratio, highly swept wing, and the pre-
diction capabilities of the analysis code are discussed in this
Note.

Test Apparatus and Procedures
The model used in this study was untapered, had a 4.51 ft

semispan and a semispan aspect ratio of 9.16 in the unswept
position. The airfoil section was a NACA 0014. The model
wing was constructed of a layered fiberglass shell, which pro-
vided both structural stiffness and the airfoil shape, with a rec-
tangular aluminum spar located at the 30% chord position to
increase the bending stiffness. Semicircular wing tips made of
balsa wood were used to improve the flow over what would
otherwise have been a blunt wing tip in the forward-sweep
positions. The model was clamped in a cantilevered manner to
the wind-tunnel sidewall.

The model was positioned manually to sweep angles A of 0,
-15, -30, -45 and -60 deg. A composite photograph
showing the model in the various sweep angles is shown in Fig.
1. The model was tested with a rectangular wing tip at each az-
imuth angle as shown in the figure. In addition, the wing tip
was modified such that the tip was parallel to the freestream
flow when tested in the A = -45 deg position. The two tip
shapes are shown in Fig. 1 at A = -45 deg.

Experimental predictions of static aeroelastic divergence
were made using subcritical response techniques.1 For each
sweep angle tested, subcritical data were taken at gradually in-
creasing values of dynamic pressure. At each dynamic
pressure #, the model angle of attack was first adjusted to a
1-g lift condition so that the weight of the model was aerody-
namically supported. The angle of attack was then incremen-
tally increased and the root bending moment Me was
measured at each angle of attack a. Typical data obtained for
the subcritical response divergence predictions are shown in
Fig. 2. These data were used to predict the dynamic pressure at
which divergence would occur. Two subcritical response tech-
niques, an improved static South well method and the diver-
gence index method, were used during this test. Reference 1
discusses these prediction methods in greater detail.

Analytical Tools
Aeroelastic analyses were conducted for the wind-tunnel

model to determine the validity of the analysis code for a high-
aspect-ratio, highly swept wing. A vibration analysis was per-
formed with the finite-element method program2 Engineering
Analysis Language (EAL). General beam elements were uti-
lized to assemble the finite-element model. Elements were ar-
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Fig. 1. Composite photograph showing each sweep angle tested and
the two tip shapes tested in the A = - 45 deg configuration.


